In this work, a numerical solution of the modified regularized long wave (MRLW) equation is obtained by the method based on collocation of quintic B-splines over the finite elements. A linear stability analysis shows that the numerical scheme based on Von Neumann approximation theory is unconditionally stable. Test problems including the solitary wave motion, the interaction of two and three solitary waves and the Maxwellian initial condition are solved to validate the proposed method by calculating error norms L 2 and L ∞ that are found to be marginally accurate and efficient. The three invariants of the motion have been calculated to determine the conservation properties of the scheme. The obtained results are compared with other earlier results. MSC: 97N40; 65N30; 65D07; 76B25; 74S05
Introduction
The modified regularized long wave (MRLW) equation, based upon the regularized long wave (RLW) equation,
which was proposed at first by Peregrine [] to describe the development of an undular bore, has the form
where δ and μ are positive parameters and the subscripts x and t denote the differentiation. The RLW equation is one of the best known partial differential equations because it describes a large number of important physical phenomena with weak nonlinearity and dispersion waves such as magneto hydrodynamic and ion-acoustic waves in plasma, phonon packets in non-linear crystals, the transverse waves in shallow water, rotating flow down a tube and pressure waves in liquid-gas bubble mixtures. Bona [] . One of the special properties of the equation is that the solutions may exhibit solitons whose magnitudes, shapes and velocities are not changed after the collision. The RLW equation is a special case of the generalized long wave (GRLW) equation having the form
where p is a positive integer. Zhang [] has used the finite difference method to solve the GRLW equation for a Cauchy problem. The quasilinearization method based on finite differences was used by Ramos 
Quintic B-spline finite element solution
Let us consider MRLW equation () with the following initial,
and boundary conditions:
() http://www.boundaryvalueproblems.com/content/2013/1/27
For the numerical calculation, the solution domain of the problem is restricted over an interval a ≤ x ≤ b. The interval is partitioned into uniformly-sized finite elements of length h by the knots x m such that a = x  < x  < · · · < x N = b. The set of quintic B-spline functions {φ - (x), φ - (x), . . . , φ N+ (x), φ N+ (x)} forms a basis over the problem domain [a, b] . We seek the numerical solution U N (x, t) to the exact solution U(x, t) in the form of
where δ j (t) are time dependent parameters to be determined from the boundary and collocation conditions. Quintic B-splines φ m (x) (m = -()N + ), at the knots x m are defined over the interval [a, b] by [] . 
where the symbols and represent first and second differentiation with respect to x, respectively. The splines φ m (x) and their four principle derivatives vanish outside the interval
Using a first-order forward difference formula for the time derivative of the U and Crank-Nicolson approximation for the space derivatives U x and U xx in Eq. () leads to
Now, if we apply a linearization technique similar to the one first introduced by Rubin and Graves [] to Eq. (), we obtain
If we substitute the nodal values of U, U x and U xx given by () into (), we obtain the following iterative system:
where
This newly obtained iterative system () consists of N +  linear equations including N +  unknown parameters (δ - , δ - , . . . , δ N+ , δ N+ ) T . To obtain a unique solution to this system, we need four additional constraints. These are obtained from the boundary conditions U(a, t) = U(b, t) =  and U x (a, t) = U x (b, t) =  and can be used to eliminate δ - , δ - and δ N+ , δ N+ from system (), which then becomes a matrix equation for the N + unknowns
The matrices A and B are pentagonal (N + ) × (N + ) matrices given as . . . a n,n- a n,n- a n,n a n,n+ a n+,n- a n+,n a n+,n+
To proceed with iterative formula (), we need the initial vector d  which is determined from the initial and boundary conditions. For this purpose, approximation () must be rewritten for the initial condition as
where the δ m 's are unknown element parameters. Now, if we require the initial numerical approximation U N (x, ) to satisfy the following boundary conditions to eliminate δ - http://www.boundaryvalueproblems.com/content/2013/1/27 and δ N+ :
we obtain the following matrix form for the initial vector d  :
A linear stability analysis
The stability analysis is based on the Von Neumann theory in which the growth factor of a typical Fourier mode is defined as
where k is a mode number and h is the element size. The non-linear term U  U x of the MRLW equation cannot be handled by the Fourier mode method. Thus, this term is linearized by making the quantity U  in the nonlinear term a local constant such as Z m . Then substituting Eq. () into system () gives
where g is the growth factor. Now, we identify the collocation points with the knots and use Eq. () to evaluate U m and its necessary space derivatives and substitute into Eq. () to obtain the following equa-http://www.boundaryvalueproblems.com/content/2013/1/27
Here · denotes derivative with respect to time. If time parameters δ i 's and their time derivativesδ i 's in Eq. () are discretized by the Crank-Nicolson formula and usual forward finite difference approximation, respectively:
we obtain a recurrence relationship between two time levels n and n +  relating two unknown parameters δ
Substituting the Fourier mode () into () gives the growth factor g of the form
The modulus of |g| is , therefore the linearized scheme is unconditionally stable.
Results and discussion
In this section, we consider the following four test problems: the motion of a single solitary wave, the interaction of two and three solitary waves and the Maxwellian initial condition. Accuracy and efficiency of the method are measured by the error norms L 
The MRLW equation satisfies only three conservation laws given by []
which correspond to conversation of mass, momentum and energy, respectively. In the simulation of a solitary wave motion, the invariants I  , I  and I  are monitored to check the conversation of the numerical algorithm.
The motion of a single solitary wave
For this problem, MRLW Eq. () is considered with the boundary condition U →  as x → ±∞ and the initial condition
Note that the analytical solution of this problem can be written as
where p = 
()
For our computational work, we have chosen two sets of parameters. 
Interaction of two solitary waves
Here the interaction of two solitary waves is studied by using the initial condition given by the linear sum of two well-separated solitary waves having various amplitudes
, j = , , c j and x j are arbitrary constants. The analytical values of the invariants are found by []
() http://www.boundaryvalueproblems.com/content/2013/1/27 where
Interaction of three solitary waves
, j = , , , c j and x j are arbitrary constants. The analytical values of the conservation laws are found from Eq. () as follows: 
The Maxwellian initial condition
Finally, we have studied the development of the Maxwellian initial condition a form given in the paper [] . been used. It is seen that the error norms are sufficiently small and the invariants are well conserved. The method successfully models the motion and interaction of solitary waves.
The computed results indicate that the present method is more accurate than some earlier results found in the literature. So, it can be said that the method is a reliable one for obtaining the numerical solutions of a wider range of physically important non-linear partial differential equations.
